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SMOOTH NON-PROJECTIVE EQUIVARIANT COMPLETIONS OF
AFFINE SPACES
KIRILL SHAKHMATOV
Abstract. In this paper we construct an equivariant embedding of the affine space An with
the translation group action into a complete non-projective algebraic variety X for all n ≥ 3.
The theory of toric varieties is used as the main tool for this construction. In the case of
n = 3 we describe the orbit structure on the variety X .
Introduction
Let X be a complete irreducible algebraic variety of dimension n over the field of complex
numbers C. Consider a group Gna = (C
n,+) that acts on the affine space An by translations.
An open embedding φ : An → X with an extension of the action Gna ×A
n → An to a regular
action Gna ×X → X is called an equivariant embedding of affine space. Clearly, to determine
an equivariant embedding means to define an effective regular action of group Gna on X with
an open orbit. Such actions are called additive.
Study of equivariant completions of the affine space An was started by Hassett and
Tschinkel [8]. It was shown that additive actions on the projective space Pn correspond to
finite-dimensional local commutative associative algebras. Further results on additive actions
can be found in [1, 2] and in bibliography therein.
The category of equivariant completions of affine spaces is the object of interest. It is well-
known that any smooth complete variety of dimension one or two is projective [7, Chapter
II.4]. In this paper we construct a non-projective completion of affine space, starting from
dimension three. Our main tool is the theory of toric varieties. As a variety X we use one of
the standard examples of a complete non-projective toric variety. Its fan is formed by cones
over polytopes of a subdivision of a simplex [3, Example 2.1.4]. In Section 2 we prove that
X admits an additive action and describe its orbits. We acquire this action by using Cox
rings [4] and the quotient construction for toric varieties. When the action is defined on the
spectrum of the Cox ring by explicit formulas, we show that this action induces an additive
action on X .
The author is grateful to his supervisor Ivan Arzhantsev for posing the problem, constant
support and references, and Yulia Zaitseva for useful discussions and commentaries.
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1. Preliminaries
In this section we recall main definitions and constructions and formulate propositions
that will be used later. Let N ≃ Zn be a lattice of rank n and M = Hom(N,Z) be its dual
lattice. We denote by NQ the space N ⊗Z Q ≃ Q
n and by MQ the space M ⊗Z Q. Let
〈 ·, · 〉 : MQ×NQ → Q be the canonical pairing. We define a polyhedral cone in N as a subset
Cone(v1, . . . , vr) = {λ1v1 + · · ·+ λrvr | λ1, . . . , λr ∈ Q≥0}
for some v1, . . . , vr ∈ N . A cone is called strongly convex if it does not contain subspaces of
positive dimension. A finite set Σ of cones in N is called a fan if any face of any cone in Σ
is also a cone in Σ and the intersection of two cones in Σ is a face of each.
Each fan Σ in N corresponds to a toric variety XΣ, i.e. a normal algebraic variety equipped
with an effective action of the torus (C×)n with an open dense orbit. Let us recall the
construction of variety XΣ. Let σ be a cone in N . The cone
σ∨ = {u ∈MQ | 〈u, v 〉 ≥ 0 ∀v ∈ σ}
in M is called dual to σ. An affine variety Uσ is defined as the spectrum of the finitely
generated algebra
C[σ∨ ∩M ] =
⊕
m∈σ∨∩M
Cχm,
which has the multiplication given by χm · χm
′
= χm+m
′
. A variety XΣ is covered by affine
charts Uσ for all σ in Σ, so that two charts Uτ and Uτ ′ are glued along their principal
open subset Uτ∩τ ′. An action of torus T = (C
×)n is defined as follows. If a point t ∈ T
corresponds to a group homomorphism M → C× and a point x ∈ Uσ corresponds to a
semigroup homomorphism σ∨∩M → C, then the point t ·x corresponds to a homomorphism
σ∨ ∩M → C such that u 7→ t(u)x(u). A detailed description of this construction and the
main properties of toric varieties can be found, for example, in [6, 5]. Let us recall some of
these properties.
A toric variety XΣ is smooth if and only if every cone σ ∈ Σ is generated by a subset of
some basis of the lattice N [6, Chapter 2.1]. It is known that orbits of toric variety XΣ are
in bijection with cones of the fan Σ. A cone σ ∈ Σ of dimension k corresponds to an orbit
O(σ) = Hom(σ⊥ ∩M,C×) ≃ (C×)n−k, where
σ⊥ = {u ∈MQ | 〈u, v 〉 = 0 ∀v ∈ σ}.
Every group homomorphism φ : σ⊥ ∩M → C× can be extended to a semigroup homomor-
phism σ∨ ∩M → C if we define φ(u) = 0 for any u ∈ σ∨ \ σ⊥. Thus, an orbit O(σ) embeds
into the chart Uσ. We denote by V (σ) the closure of O(σ). For cones σ and τ we write τ  σ
if τ is a face of σ.
The next proposition is proved in [5, Theorem 3.2.6] and [6, Chapter 3.1].
Proposition 1. For a toric variety XΣ next statements hold:
(1) for a cone σ ∈ Σ the affine chart Uσ is the union of orbits O(τ) for τ  σ:
Uσ =
⊔
τσ
O(τ);
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(2) τ  σ if and only if O(σ) ⊆ V (τ), and
V (τ) =
⊔
τσ
O(σ);
(3) if Nτ is a subgroup of N generated by τ ∩ N and ψ : N → N/Nτ is the canonical
projection, then the toric variety V (τ) corresponds to the fan {ψ(σ) | τ  σ} in the
lattice N/Nτ .
Example 1. Let us fix a basis e1, . . . , en in the lattice N and consider a fan Σ consisting of
a cone σ = Cone({ei}
n
i=1) and all its faces. Let e
∗
1, . . . , e
∗
n be the dual basis in the lattice M .
Since σ∨ = Cone({e∗i }
n
i=1), we have XΣ = Uσ = C
n. Consider a subset I ⊆ {1, . . . , n} and a
cone σI = Cone({ei}i∈I) ∈ Σ. It is easy to show that
O(σI) = Hom(span({e
∗
i }i/∈I) ∩M,C
×) = {(x1, . . . , xn) | xi = 0 ∀i ∈ I; xi 6= 0 ∀i /∈ I}.
Let us study morphisms that are compatible with the structure of toric varieties. Consider
a fan Σ′ in a lattice N ′. Let f : N ′ → N be a lattice homomorphism. Denote by fQ
its extension to a linear map N ′Q → NQ, and let f
∗ : M → M ′ = Hom(N ′,Z) be the
homomorphism dual to f . The homomorphism f is called compatible with the fans Σ′ and
Σ if for every cone σ′ ∈ Σ′, there exists a cone σ ∈ Σ such that fQ(σ
′) ⊆ σ. In this case
for every cone σ′ ∈ Σ′, there exists a cone σ ∈ Σ such that the restriction of f ∗ to σ∨ ∩M
defines a semigroup homomorphism σ∨ ∩M → (σ′)∨∩M ′. Thus we obtain a homomorphism
of algebras C[σ∨ ∩M ] → C[(σ′)∨ ∩M ′] and the dual morphism of varieties φσ
′
f : Uσ′ → Uσ.
They glue to a morphism φf : XΣ′ → XΣ which is called toric.
Proposition 2. [5, Lemma 3.3.21] Let φ = φf : XΣ′ → XΣ be a toric morphism. For a cone
σ′ ∈ Σ′ let σ be the minimal cone of the fan Σ that contains fQ(σ
′). Then φ(O(σ′)) ⊆ O(σ),
φ(V (σ′)) ⊆ V (σ), and the induced morphism φ |V (σ′): V (σ
′)→ V (σ) is toric.
There exists a class of fans that can be described in terms of convex polytopes in MQ. A
fan Σ is called complete if
⋃
σ∈Σ σ = NQ. Recall that a toric variety XΣ is complete if and
only if its fan Σ is complete [6, Chapter 2.4]. Let P be a convex polytope in MQ such that
the interior of P contains 0. Assume that every vertex of P belongs to M . For every face Q
of P we define a cone
σQ = {v ∈ NQ | 〈 u, v 〉 ≤ 〈u
′, v 〉 ∀u ∈ Q ∀u′ ∈ P}.
Collection of cones σQ, as Q varies over all faces of P , forms a fan ΣP [6, Chapter 1.5]. This
fan is called dual to polytope P . It is easily seen that the fan ΣP is complete. It is well-
known that a complete toric variety XΣ is projective if and only if the fan Σ is dual to some
convex polytope [5, Proposition 7.2.9]. These results make possible to construct examples of
complete non-projective toric varieties starting from dimension 3, see [3, Example 2.1.4] and
[6, Chapter 1.5].
Now we recall the construction of Cox ring for toric varieties, see [4] and [5, Chapter 5].
We need some facts about quotients in algebraic geometry. A morphism of algebraic varieties
π : Y → X is called affine if for any affine open subset U ⊆ X its preimage π−1(U) is affine.
Let G be an affine algebraic group that acts on a variety Y , and let π : Y → X be a morphism
constant on G-orbits. The morphism π is called a good categorical quotient if π is affine and
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for any open U ⊆ X the dual homomorphism of function algebras OX(U) → OY (π
−1(U))
induces an isomorphism OX(U) ≃ OY (π
−1(U))G. In this case X is denoted by Y//G.
Let us recall the main properties of good categorical quotients. It is known that π maps
disjoint closed G-invariant subsets of variety Y to disjoint closed subsets of Y//G. Thus, the
preimage π−1(p) of any point p ∈ Y//G contains a unique closed G-orbit, so there is a one-to-
one correspondence between closed G-orbits in Y and points of variety Y//G [5, Proposition
5.0.7].
Proposition 3. [5, Proposition 5.0.8] For a good categorical quotient π : Y → Y//G the
following are equivalent:
(1) any G-orbit in Y is closed;
(2) if x, y ∈ Y , then π(x) = π(y) if and only if x and y are in the same G-orbit;
(3) the morphism π induces a bijection {G-orbits in Y } ↔ {points of Y//G}.
A good categorical quotient π : Y → Y//G is called geometric if it satisfies the conditions
of Proposition 3. In this case we write Y//G = Y/G.
Consider a fan Σ in the lattice N . We denote by σ′(1) (or Σ′(1)) the set of rays of a cone σ′
(or a fan Σ′). For any ray ρ ∈ Σ(1) the generating vector of the semigroup ρ ∩N is denoted
by pρ. Assume that spanQ{pρ}ρ∈Σ(1) = NQ and let {fi}
n
i=1 be a basis of the dual lattice M .
Consider a group
GΣ = {(tρ) ∈ (C
×)Σ(1) |
∏
ρ∈Σ(1)
t〈 fi,pρ 〉ρ = 1, 1 ≤ i ≤ n} ⊆ (C
×)Σ(1), (∗)
that acts on CΣ(1) by coordinate-wise multiplication. A subset C ⊆ Σ(1) is called a primitive
collection if for any cone σ ∈ Σ the subset C is not contained in σ(1), and for any proper
subset C ′ ⊆ C, there is a cone σ ∈ Σ such that C ′ ⊆ σ(1). The set of all primitive collections
is denoted by C (Σ).
Let Z = Z(Σ) =
⋃
C∈C (Σ)
V(xρ | ρ ∈ C) ⊆ C
Σ(1), where V(xρ | ρ ∈ C) is a set of points
(xρ) ∈ C
Σ(1) such that xρ = 0 for all ρ ∈ C. The set Z is invariant under the action of the
group GΣ. Thus, there is an induced action of GΣ on C
Σ(1) \Z. Let {eρ | ρ ∈ Σ(1)} be the
standard basis of the lattice ZΣ(1). For any σ ∈ Σ we define σ˜ = Cone(eρ | ρ ∈ σ(1)). Cones
σ˜ and all their faces form a fan Σ˜ = {τ | ∃σ ∈ Σ : τ  σ˜}.
The next proposition is proved in [5, Proposition 5.1.9, Theorem 5.1.11].
Proposition 4.
(1) The variety CΣ(1) \Z is a toric variety that corresponds to the fan Σ˜.
(2) The map eρ 7→ pρ induces a map of lattices Z
Σ(1) → N , which is compatible with the
fans Σ˜ in ZΣ(1) and Σ in N .
(3) The corresponding toric morphism π : CΣ(1) \Z → XΣ is a good categorical quotient by
the action of the group GΣ, so that (C
Σ(1) \Z)//GΣ ≃ XΣ. Moreover, π is a geometric
quotient if and only if the fan Σ is simplicial.
As we can see, Σ˜ is a subset of fan Σ0 formed by a cone Cone(eρ | ρ ∈ Σ(1)) and all its
faces. The fan Σ0 corresponds to the toric variety C
Σ(1). The identical map ZΣ(1) → ZΣ(1) is
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compatible with the fans Σ˜ and Σ0 correspondingly, and its toric morphism is an embedding
CΣ(1) \Z →֒ CΣ(1). By Proposition 2 for any cone σ ∈ Σ˜ we have O(σ)Σ˜ = O(σ)Σ0 \ Z.
Assume now that a toric variety X with an acting torus T is equipped with an addi-
tive action Gna ×X → X . We say that this action is normalized by torus if the subgroup
Gna ⊆ Aut(X) is normalized by the subgroup T ⊆ Aut(X). In this case T permutes G
n
a - or-
bits: for all t ∈ T and x ∈ X we have tGna x = tG
n
a t
−1tx = Gna tx. Therefore, an open dense
Gna-orbit O is T -invariant. In addition, irreducible components of the closed subvariety X \O
are toric subvarieties of codimension 1.
2. Main Results
Let us fix a basis e1, . . . , en in a lattice N of rank n. Consider vectors
a1 = e1, . . . , an = en, a0 = −e1 − · · · − en, b1 = a0 + a1, b2 = a0 + a2, . . . , bn = a0 + an.
We denote by Conv(A) the convex hull of a set A ⊆ NQ. Let us con-
sider a simplex P = Conv(a0, a1, . . . , an). Its faces of codimension 1 are
Ai = Conv(a0, a1, . . . , âi, . . . , an), i = 0, . . . , n. Let b
′
i =
1
2
bi. As we can see, the point b
′
i
lies in the segment [a0, ai], which is contained in the faces Aj, j = 1, . . . , î, . . . , n and not
contained in the faces A0 and Ai. We subdivide each face Ai, i = 1, . . . , n into n simplices
A′i,j of dimension n − 1, which are defined as follows (the illustration of the case n = 3 is
represented on Figure 1):
A′1,1 = Conv(a2, . . . , an, b
′
2), A
′
1,2 = Conv(a3, . . . , an, b
′
2, b
′
3), . . . ,
A′1,n−1 = Conv(an, b
′
2, . . . , b
′
n), A
′
1,n = Conv(b
′
2, . . . , b
′
n, a0);
. . . . . .
A′n−1,1 = Conv(an, a1, . . . , an−2, b
′
n), A
′
n−1,2 = Conv(a1, . . . , an−2, b
′
n, b
′
1), . . . ,
A′n−1,n−1 = Conv(an−2, b
′
n, b
′
1, . . . , b
′
n−2), A
′
n−1,n = Conv(b
′
n, b
′
1 . . . , b
′
n−2, a0);
A′n,1 = Conv(a1, . . . , an−1, b
′
1), A
′
n,2 = Conv(a2, . . . , an−1, b
′
1, b
′
2), . . . ,
A′n,n−1 = Conv(an−1, b
′
1, . . . , b
′
n−1), A
′
n,n = Conv(b
′
1, . . . , b
′
n−1, a0).
a1
a2 a3
a0
b′3
b′1
b′2
Figure 1
Consider the fan Σ in N over this subdivision of the simplex P .
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Theorem 1.
(1) The variety X = XΣ is smooth, complete and non-projective.
(2) The variety X admits an additive action normalized by the acting torus.
Proof. It is obvious that the fan Σ is complete. One can easily prove that any set of n vectors
generating a cone of maximal dimension from Σ is a basis of the lattice N . Thus, the variety
X is smooth. The next lemma finishes the proof of the first assertion of theorem.
Lemma 1. The fan Σ is not dual to any polytope.
Proof. Assume that the fan Σ is dual to some polytope Q. Since dim(σR) + dim(R) = n for
any face R of the polytope Q, and the subdivision of the simplex P contains n2+1 simplices
of dimension n−1, the polytope Q has n2+1 vertices u1, . . . , un2+1. These vertices correspond
to cones of maximal dimension
σi = σui = {v ∈ NQ | 〈ui, v 〉 ≤ 〈 u
′, v 〉 ∀u′ ∈ Q}, i = 1, . . . , n2 + 1.
Consider a function φ(x) = mink uk(x) on NQ. By definition of σi we have φ |σi= ui. Since
the vectors a1, bn, an lie in the same cone ωj = σn−1,1, we obtain
φ(a1) + φ(bn)− φ(an) = uj(a1) + uj(bn)− uj(an) = uj(a1 + bn − an).
By an equation a1+bn−an = b1 we get uj(a1+bn−an) = uj(b1). The vector b1 is not contained
in the cone ωj, but lies in some other cone ωl of the fan Σ. Therefore, φ(b1) = ul(b1) < uj(b1).
Finally, we have φ(a1)+φ(bn)−φ(an) > φ(b1). Similarly, since ai+bi−1−ai−1 = bi, we obtain
φ(ai) + φ(bi−1) − φ(ai−1) > φ(bi) for all i = 2, . . . , n. By summing up these inequalities we
get a contradiction φ(b1) + · · ·+ φ(bn) > φ(b1) + · · ·+ φ(bn). 
Now we proceed to a proof of the second assertion. Let b0 = a0. The set Σ(1) con-
sists of 2n + 1 rays ρi = Cone(bi), 0 ≤ i ≤ n and ρ
′
j = Cone(aj), 1 ≤ j ≤ n. We
order coordinates (x0, x1, . . . , xn, x
′
1, . . . , x
′
n) on C
Σ(1) in accordance with the order of rays
(ρ0, ρ1, . . . , ρn, ρ
′
1, . . . , ρ
′
n). Let Y = C
Σ(1) \Z, where Z = Z(Σ). We write conditions (∗) in
terms of diagonal characters ω0, ω1, . . . , ωn, ω
′
1, . . . , ω
′
n of quasitorus G = GΣ:

−ω0 − ω2 − · · · − ωn + ω
′
1 = 0
−ω0 − ω1 − ω3 − · · · − ωn + ω
′
2 = 0
. . .
−ω0 − ω1 − · · · − ωn−1 + ω
′
n = 0
=⇒


ω′1 = ω0 + ω2 + · · ·+ ωn
ω′2 = ω0 + ω1 + ω3 + · · ·+ ωn
. . .
ω′n = ω0 + ω1 + · · ·+ ωn−1
It follows thence
G = {diag(t0, t1, . . . , tn, t0t2 . . . tn, . . . , t0t1 . . . tn−1) | t0, t1, . . . , tn ∈ C
×}.
Let us denote by T ′ and T the tori (C×)Σ(1) and (C×)n acting on the toric varieties Y
and X , respectively. Consider an action of a group Gna = {(c1, . . . , cn) ∈ C
n} on Y given by
formulas
xi 7→ xi, 0 ≤ i ≤ n,
x′j 7→ x
′
j + cjx0x1 . . . x̂j . . . xn, 1 ≤ j ≤ n.
(∗∗)
One can easily see that this action commutes with the action of the group G. Therefore, we
have an induced action on varietyX . In addition, Gna-orbits inX correspond toG×G
n
a -orbits
in Y . Aside from that, as we can see from formulas (∗∗), the action ofGna on Y is normalized by
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the torus T ′. Hence, T permutes Gna-orbits in X . Consider a point x ∈ C
Σ(1) with coordinates
x0 = x1 = · · · = xn = 1, x
′
1 = · · · = x
′
n = 0. The collection C = {ρ
′
1, . . . , ρ
′
n} is not primitive,
thus x ∈ Y . Let O ′ be the G × Gna-orbit of point x. We have O
′ = (C×)n+1 × Cn and
dim(O ′) = 2n + 1, therefore the Gna-orbit π(O
′) = O ′/G on X is of dimension n. Thus,
O = π(O ′) is an open dense orbit in X . The second assertion of Theorem 1 follows. 
Now we describe orbits of the additive action Gna ×XΣ → XΣ that we constructed in the
proof of Theorem 1 in the case of n = 3.
Proposition 5. In terms of the aforementioned notation
(1) the closed subvariety XΣ \ O consists of four irreducible components X0, X1, X2, X3;
(2) the component X0 is isomorphic to the projective plane P
2 with the trivial G3a-action;
(3) each component Xj , j = 1, 2, 3 is isomorphic to the blowup of the Hirzebruch sur-
face F1 at a point; typical G
3
a-orbits in Xj form a one-parameter family of one-
dimensional orbits, the complement of this family is the union of curves of fixed points
Sjk, k ∈ {0, 1, 2, 3} \ {j} = {0, k
′, k′′}, where Sjk ≃ P
1 for all k, and
|Sj0 ∩ Sjk′| = |Sj0 ∩ Sjk′′| = 1, Sj0 ∩ Sjk′ 6= Sj0 ∩ Sjk′′, Sjk′ ∩ Sjk′′ = ∅;
(4) if j, l ∈ {1, 2, 3}, j 6= l, then the intersection of componentsXj andXl equals Sjl = Slj,
the intersection of three components X1, X2 and X3 is empty; moreover, the inter-
section of the component X0 and a component Xj is a curve Sj0, and the intersection
of X0 and a pair of components Xj and Xl is a single point, which is different for
different pairs.
Proof. We keep the notation that was used in the proof of Theorem 1. The complement
Y \ O ′ is covered by irreducible subvarieties of dimension six
Yi = {xi = 0} \ Z, 0 ≤ i ≤ 3;
thus, denoting Xi = π(Yi), we obtain a decomposition into irreducible two-dimensional sub-
varieties X \ O =
3⋃
i=0
Xi. Assertion (1) follows.
To acquire a fan of a variety Xi, we take the quotient N/Z bi and consider the projections of
all cones that contain the vector bi. Since N = Z b0⊕Z a1⊕Z a2, we have N/Z b0 = Z a1⊕Z a2.
The canonical projection is given by
a1 7→ (1, 0), a2 7→ (0, 1), a3 7→ (−1,−1),
b0 7→ (0, 0), b1 7→ (1, 0), b2 7→ (0, 1), b3 7→ (−1,−1).
We get a fan in Z2, which is formed by vectors (1, 0), (0, 1), (−1,−1). Thus, X0 ≃ P
2. Since
the fan Σ is invariant under coordinate permutations on N , we get X1 ≃ X2 ≃ X3. Notice
that N = Z b3 ⊕ Z a2 ⊕ Z a3. Therefore, N/Z b3 = Z a2 ⊕ Z a3 and the projection is
a1 7→ (−1, 0), a2 7→ (1, 0), a3 7→ (0, 1),
b0 7→ (0,−1), b1 7→ (−1,−1), b2 7→ (1,−1), b3 7→ (0, 0).
The acquired two-dimensional fan is formed by vectors
(0, 1), (−1, 0), (−1,−1), (0,−1), (1,−1). We reflect the lattice Z2 through the vertical
axis and then through the horizontal axis. The transformed fan corresponds to the blowup
of the Hirzebruch surface at a fixed point that corresponds to the first quadrant of the plane.
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One can easily see that
C (Σ) = {{ρ′1, ρ0}, {ρ
′
2, ρ0}, {ρ
′
3, ρ0}, {ρ
′
1, ρ2}, {ρ
′
2, ρ3}, {ρ
′
3, ρ1}, {ρ1, ρ2, ρ3}}. (∗ ∗ ∗)
By formulas (∗∗) we get that if x0 = 0 then the group G
3
a acts trivially, hence X0 consists of
fixed points. Assertion (2) follows.
If x ∈ Y1 then x
′
3 6= 0 by equality (∗ ∗ ∗). Consider an open G-invariant subset U
′
1 of the
variety Y1, satisfying conditions x0 6= 0, x2 6= 0, x3 6= 0, that is U
′
1 = Y1 ∩ {x0x2x3 6= 0}.
The kernel of the G3a-action on U
′
1 is two-dimensional, because it changes the coordinate
x′1 only. The decomposition into irreducible components of the complement of U
′
1 in Y1 is
S ′10 ∪ S
′
12 ∪ S
′
13, where S
′
1k = Y1 ∩ {xk = 0}. Notice that
S ′10 ∩ S
′
12 = G · (0, 0, 0, 1, 1, 1, 1), S
′
10 ∩ S
′
13 = G · (0, 0, 1, 0, 1, 1, 1), S
′
12 ∩ S
′
13 = ∅.
Let S1k = π(S
′
1k). The variety S
′
1k is smooth, hence normal. Since the quotient pre-
serves normality, and an algebraic curve is normal if and only if it is smooth, we have
P1 ≃ S10 ≃ S12 ≃ S13.
Similarly, we get Y2 = U
′
2 ⊔ (S
′
20 ∪ S
′
21 ∪ S
′
23) and Y3 = U
′
3 ⊔ (S
′
30 ∪ S
′
31 ∪ S
′
32), where
U ′j = Yj ∩
{ 3∏
k=0
k 6=j
xk 6= 0
}
, S ′jk = Yj ∩ {xk = 0}. Therefore,
Y1 ∩ Y2 = S
′
12, Y1 ∩ Y3 = S
′
13, Y2 ∩ Y3 = S
′
23, Y1 ∩ Y2 ∩ Y3 = ∅;
Y0 ∩ Yj = S
′
j0, |π(Y0 ∩ Yj ∩ Yl)| = 1.
Assertions (3)-(4) follow if we let Sjk = π(S
′
jk). 
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